Magnetic field sensing beyond the standard quantum limit using 10-spin NOON states 
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Quantum entangled states can be very delicate and easily perturbed by their external environment. 
This sensitivity can be harnessed in measurement technology to create a quantum sensor with a 
capability of outperforming conventional devices at a fundamental level. We compare the magnetic 
field sensitivity of a classical (unentangled) system with that of a 10-qubit entangled state, realised 
by nuclei in a highly symmetric molecule. We observe a 9. 4- fold quantum enhancement in the 
sensitivity to an applied field for the entangled system and show that this spin-based approach can 
scale favorably compared to approaches where qubit loss is prevalent. This result demonstrates a 
method for practical quantum field sensing technology. 



The concept of entanglement, in which coherent 
quantum states become inextricably correlated [l], has 
evolved from one of the most startling and controversial 
outcomes of quantum mechanics to the enabling princi- 
ple of emerging technologies such as quantum computa- 
tion [2 and quantum sensors [3i|4j. The use of entangled 
particles in measurement permits the transcendence of 
the standard quantum limit in sensitivity, which scales 
as ^/N for N particles, to the Heisenberg limit, which 
scales as N. This approach has been applied to opti- 
cal interferometry using entangled photons [5] and using 
up to six trapped ions for the measurement of magnetic 
fields and improvements in atomic clocks [H |7l E] . Spin- 
squeezing has been investigated as an alternative mode 
of entanglement generation, being proposed for sensitive 
phase detection [9 and demonstrated using four ^Be+ 
ions [To]. 

A single spin will precess in the presence of a magnetic 
field. In the rotating frame used to describe magnetic 
resonance, this precession occurs at a rate governed by 
the detuning 5 of the magnetic field from resonance (ex- 
pressed in frequency units), such that the state |0) + |1) 
evolves as |0) + e^"^^ |1) (for clarity, normalisation con- 
stants are omitted throughout). This principle forms the 
basis of several kinds of magnetic field sensor, where the 
externally applied field 5 is detected as a phase shift. 
States possessing many-qubit entanglement can acquire 
phase at a greater rate and thus offer an enhanced sensi- 
tivity to the applied field. 

The requirements for constructing the resource of a 
large number of entangled spins are less severe than those 
for a complete NMR quantum computer [TTl [12] |13] . In- 
deed, rather than striving towards individual addressabil- 
ity of each consitutent nuclear spin, global addressing is 
advantageous in quickly and efficiently growing the state. 
For example, we consider a star topology with one cen- 
tral spin, A, and N peripheral B spins which cannot be 
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separately addressed (see Fig lA). 

The B spins cannot be distinguished by any NMR ob- 
servable and their behaviour is well described by number 
states, as used to describe photon occupation in one of 
two modes. Many-body entanglement in such states has 
been referred to as the NOON state jlH [151 [16] , ^^id has 
received much attention for its ability to offer quantum- 
enhanced sensitivity in optical interferometry. We define 
the spin-NOON state as IV^noon) = |^i,0|) + |0|,A^|), 
a superposition of the N spins being all down, and all 
up (this has also been described as a "Schrodinger cat" 
state, being the superposition of the two most distinct 
states [17 ). Such a spin-NOON state will acquire phase 
^\N5t |.]^^g showing an A^-fold increase in the phase ac- 
crued for a given ^, and hence a greater sensitivity to the 
applied field. 

Through single spin-flips, the spin-NOON state may 
be transformed to'many,some + some, many', or MSSM, 
states. For example, the state 1 01000) + 1 10111) is one of 
the five possible |V^4ii4) states. It is convenient to classify 
these states by the difference in the Hamming weight of 
the two elements of the superposition, or its lopsidedness 
^ (i.e. l^l^pqqp) has £ = \p—q\). In the general case, spins A 
and B have different sensitivities to the applied field, and 
so the enhancement in magnetic field sensitivity of the 
total system depends on a weighted form of £^ which we 
call which includes the relative gyromagnetic ratios of 
the A and B spins. Analogous ideas have been explored 
in the context of optical Fock states [18 . 

A molecule with a suitable star topology is trimethyl 
phosphite, or TMP, (illustrated in Fig IB) compris- 
ing one central ^^P spin and nine identical surrounding 
spins (the intervening O and C nuclei are mostly spin- 
zero and may be neglected). The NMR spectrum of ^^P is 
shown in Fig IC (red curve) [2F. Coupling to the local 
spins shifts the resonance frequency of the ^^P by 
some amount depending on the total magnetisation of 
the ^H. Within the pseudo-pure state model [TP, [T2l [T3]. 
the lines in the ^^P NMR spectrum can thus be as- 
signed to the following -^H states: |9,0), p8,i, P7,2, ••• , 
Pi, 8, 10,9). Any experimentally accessible MS state is an 
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FIG. 1: 10-spin NOON states are created using 
nuclear spins in the trimethyl phosphite (TMP) 
molecule (A) Topology of the spin qubits used to gener- 
ate the spin-NOON state. (B) The TMP molecule consists 
of a central ^^P nuclear spin surrounded by nine identical 
spins. (C) The initial ^^P NMR spectrum of TMP (red). 
Nuclear spin-NOON and MSSM states are generated and al- 
lowed to evolve for some short time under the influence of 
an off-resonance magnetic field. After mapping these entan- 
gled states back to the ^^P, the resulting spectrum (blue) 
shows how the phase shift acquired increases with the lop- 
sidedness of the state. Low-intensity peaks between pairs of 
NMR lines arise from coupling to ^^C impurities. (D) Spin- 
NOON states are generated by first applying a Hadamard 
gate to the ^^P followed by a controlled-NOT on the nine 
equivalent ^H. 
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equal mixture of the relevant pure states \M^S)-^ where 
i runs over theindistinguishable permutations of |M, 5). 
We describe MS states in terms of the density matrix 
PM,s = E,\M,S)^{M,S\^. 

Given the gyromagnetic ratios of and ^^P (42.577 
and 17.251 MHz/T, respectively), one would predict a 
~23-fold enhancement in phase sensitivity of the 10-spin 
NOON state over a single ^^P nucleus, or a factor of ~9.4 
enhancement over the single nucleus most commonly 
used in present sensors. 

The A spin (^^P) in the star topology is distinguish- 
able, and its state is therefore given separately in the spin 
basis. Following Fig ID, all the spins start in a ground 
state: = |0)^ |000...0)^ = |0)|A^,0). A Hadamard 
gate is applied to A, followed by a C-NOT gate applied 



to the B spins, controlled by the state of A, yielding ^2 = 
|0) |A^, 0) + |1) |0, N): an (TV + l)-spin NOON state with 
the relevant lopsidedness = {Njb +7a)/7b- After 
some period T^ait, ^3 = |0) \N,0) + e^^^^^-^^) |1) \0,N). 
A second identical C-NOT is applied to the B spin to 
map the total phase acquired onto A: ^4 = (|0) + 
g(i^^(5Twait) |A^, 0) which is directly detected. A sim- 
ilar C-NOT method has been used to create a 1+3 spin 
entangled state for the purposes of enhanced spin detec- 
tion [19 . 

Rather than relying on pseudo-pure state preparation, 
we can select to observe the evolution of one of the 10 
NMR lines and thus effectively post-select the signature 
of a particular initial state, analogous to the way in which 
post-selection has been employed in linear optics experi- 
ments on NOON states [5 . By applying the entangling 
operation described above and observing the line corre- 
sponding to the original B (^B.) state |9,0) we can iden- 
tify the 10-spin NOON state |0) |9,0) + |1) |0,9) and dis- 
cern its behaviour in the presence of a magnetic field 
detuning 6. 

Fig IC (blue curve) shows a measurement of ^^P ob- 
tained after the pulse sequence described above and 
shown in Fig ID. The free evolution time, T^ait, was 
set to 400 /is such that given the magnetic field detun- 
ing (~ 3.13 /iT) a phase shift of ~ 0.1077r would be 
experienced by a single spin. Observing the left- 
most line (~ 48 Hz) is equivalent to post-selecting the 
|0) |9,0) initial state, and thus the 10-spin NOON state 
with = 9.4, which has instead acquired a ~ tt phase 
shift during the free evolution period. 

An advantage of the mixed initial state of the ^H nuclei 
is that it allows us to simultaneously probe the evolution 
of all MSSM states for this spin system = 1 9.4 - 2m | 
where 1 > m > 9). For example, the line at ~ 37 Hz 
corresponds to the p8,i initial state of the B spins which, 
under the operations applied, will yield the MSSM state 
P8118 with = 7.4, where we define 

PMSSM = Y1 (|0)|M,5), + |1)|5,M)J® 

i 

m{M,S\, + {l\{S,M\^). (1) 

Each element of the P8ii8 mixture acquires phase at the 
same rate, and a phase shift of ~ 0.797r is observed [30] . 
The phase acquired is less than for the {i^ = 9.4) state, 
but the signal-to-noise is greater. Where spin polarisa- 
tion is weak, one of the intermediate MSSM states with 
i < {N + 1) can yield the optimum sensitivity to mag- 
netic field offset. Moreover, an analysis of the differential 
phase acquired by successive lines (obtained from a sin- 
gle experiment) can provide more than the single bit of 
information yielded by one NOON state resource [20 . 

To explore the evolution of the many-body entangled 
states in more detail, the evolution time T^ait was varied. 
As Twait increases, the signal from each line undergoes 
oscillations whose frequency varies with i^. The Fourier 
transform with respect to T^ait was measured for the 10 
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FIG. 2: Nuclear spin-NOON states demonstrate an 
entanglement-enhanced sensitivity to an external 
magnetic field. (A) The Fourier transform of the evolu- 
tion of each of the 10 NMR lines with respect to Twait (see 
Fig ??D) shows an increasing frequency proportional to the 
increasing lopsidedness of the entangled state produced. 
The intensity has been normalised using the intensities of the 
initial spectrum — the residual asymmetry in intensities is 
an artifact of static field inhomogeneity. The "^^P NMR spec- 
trum of the TMP molecule is shown above for reference. (B) 
The Fourier transform peak allows an estimate of the effec- 
tive magnetic detuning from resonance of the spins, which 
improves with the use of higher-^ states. Solid and dashed 
lines represent NMR lines to the left and right of centre, re- 
spectively. Experimental traces using the unentangled ^^P or 
spins are shown for comparison All peaks are scaled to 
unit intensity. 



different lines in the ^^P NMR spectrum (Fig 2). The 
frequency, which corresponds to a sensitivity to the mag- 
netic field detuning, increases as one moves to the outer 
lines of the spectrum, corresponding to MSSM states 
with larger to a maximum for the spin-NOON states 
at the ends. The linewidth similarly increases slightly 
due to enhanced decoherence of the states with larger 

however, this increase is sub-linear [21] and so when 
the precession frequency is used to extract an estimate 
of magnetic field detuning, the uncertainty falls as states 
with larger I are used (Fig 2B). 

Our IV^noon) is a simple cat state of size A/" = 10 par- 
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FIG. 3: Spin-NOON states exhibit an enhanced ro- 
bustness to noise over optical NOON states. A com- 
parison of the effect of noise on the standard deviation of 
phase estimates for spin-NOON (blue solid curves) and opti- 
cal NOON states (green dashed curves) for a range of error 
probabilities. For photonic systems, the dominant source of 
error is taken to be photon loss, which is assumed to oc- 
cur with probability e. For spin-NOON states the dominant 
source of error is taken to be a set of random normally dis- 
tributed magnetic fields which lead to complete dephasing of 
disentangled spins with probability e over the timescale of the 
measurement. The upper and lower dotted lines indicate the 
standard quantum limit and the Heisenberg limit respectively. 
The contribution is plotted per spin/photon, rather than per 
NOON state, in order to allow a direct comparison of states 
of varying size. 



tides. A state of the form Pmssm is more complex, but 
we may say that it is equivalent to a canonical cat state 
which decoheres at the same rate [22] |3T] . Then, despite 
being a mixture, Pmssm is nevertheless classified as a cat 
state of full size N within the local decoherence model 
of Ref [22 (as neither the bit flips nor the mixing inher- 
ent in Pmssm alter the rate at which locally independent 
phases accumulate). If instead we have global decoher- 
ence sources then the effective cat size will correspond to 
the lopsidedness |M — for precisely the reasons of field 
sensitivity described above. 

It is worth contrasting the practical utility of the 
NOON state approach in two scenarios: where qubit loss 
is dominant (as in optical implementations), and where 
phase decoherence is dominant (as in NMR). Losing even 
a single photon from a NOON state prevents the phase 
build up from being measured. Other useful photonic 
states may have greater inherent robustness [18], but 
such states have yet to be realized experimentally. As 
the number of photons in the NOON state is increased, 
the probability of obtaining a successful measurement de- 
creases exponentially The sensitivity of the NOON state 
scales only linearly with its size, so the decreasing prob- 
ability of success rapidly removes any advantage gained 
through the use of entanglement. For a fixed probability 
of photon loss, this imposes a fundamental limit, cor- 
responding to the minimum of the dashed curves in Fig 
3. Optimally sized NOON states have previously been 
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investigated for use as sensors [23] . The optimum size of 
an optical NOON state scales as — log(l — e)~^, beyond 
which the use of larger entangled states is detrimental 
to sensitivity. This practical limitation has motivated 
the development of alternative methods for optical phase 
sensing where neither NOON states, nor indeed entan- 
gled states of any kind, are employed [20j. 

Molecular spin-NOON states do not suffer loss in 
the same manner as optical systems, and the dominant 
source of error becomes dephasing noise caused by unac- 
counted for fields experienced by individual spins. The 
effect of such noise versus increasing system size can be 
characterized using an appropriate measurement strat- 
egy. In a noise-free system, the rate at which phase (/) 
is acquired by the spin-NOON state would correspond 
directly to the field strength to be detected. We wish to 
minimise the variance in this quantity [16]: 



dt 



(2) 



Given a fixed time Ttot to perform the sensor operation, 
one could make M separate measurements each of ex- 
posure time Te = Tt^t/M — T^, where Tq is the gating 
and measurement time. This strategy will minimise the 
effects of finite local noise, provided that <C T^. The 
variance on the mean of M individual measurements is 



A2(5 = 




(3) 



where hi is the phase contribution to spin i from local 
fields. For any non-zero A^/i, minimising this quantity 
win yield Te oc Ar-V2^ resulting in A^cj) ex N'^^^. The 



sensitivity of the system thus limits to N^^^. Provided 
that the measurements can be made on a time scale short 
compared to the decoherence time of the spin-NOON 
state (cx N~^)^ creating larger entangled states will pro- 
duce greater sensitivity. Here we have assumed idealized 
operations for the preparation and measurement of the 
NOON state. A more in-depth analysis of the trade-off 
between noise and sensitivity times using more general 
operations can be found in Refs [24l [25] . 

In addition to demonstrating how an enhanced sen- 
sitivity to magnetic fields can be achieved using entan- 
glement in nuclear spins, this work represents progress 
towards the realisation of 'spin amplification' schemes 
which use a bath of B spins to measure the state of A 
for the purposes of single spin detection [19 . Analogous 
to the way in which photon loss poses a limitation to 
the extent of the resource (photon number) which can 
be called up for entanglement-enhanced measurement, a 
weak thermal polarisation restricts the effectiveness of 
this demonstration for practical magnetometry. Fortu- 
nately, the approach described here is readily applicable 
to electron spins, which can offer a high degree of polar- 
isation at experimentally accessible magnetic fields and 
temperatures. Furthermore, dynamic nuclear polarisa- 
tion, which is already employed in several methods for 
magnetic field sensing using nuclear spins [26], or algo- 
rithmic cooling [271 121] , could be applied here to yield 
improvements over currently achievable sensitivity. 
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